Abstract-The approach to portfolio construction proposed in this paper is based on recent results on stochastic reachability. It is assumed that investors' preferences are expressed in terms of target sets to be reached at each time period over a specified finite horizon. A portfolio is defined optimal if it maximizes the probability of its value to belong to the target sets. A case study drawn from the US market shows the interest and applicability of the approach. The optimal solution we obtain exhibits a contrarian attitude, whereby risky exposures are enhanced in case of negative performances and reduced in case of positive performances. A comparison with the constant proportion portfolio insurance method highlights advantages and drawbacks of the proposed approach.
I. INTRODUCTION

I
N finance industry, investment decisions consist in choosing assets within a given class, such as bonds, equities, commodities, etc., and to combine them into a portfolio. The asset allocation problem is usually addressed either through static methods, relying on the seminal study of Markowitz [1] , or through dynamic methods. Within dynamic models, myopic approaches regard the asset allocation as a sequence of static single-period optimization problems, one per each investment period, see e.g., [2] - [4] . The main advantage of this approach lies in the analytical tractability of the portfolio construction. However, there is growing evidence that intertemporal asset allocation based on dynamic programming [5] leads to superior results, if compared to static or myopic methods [6] , [7] . Well-known results from Hakansson in [8] demonstrated that, for a specific class of utility functions, no myopic strategy is optimal, even when asset returns are serially independent. Dynamic programming asset allocation models were pioneered by Merton [9] and Samuelson [10] in the continuous-time domain, and Fama [11] in the discrete-time domain. More recently, the Merton optimal investment problem has been revisited in [12] , in order to include transaction costs and capital gain taxes. The study in [13] considers the problem of optimal dynamic choice under the assumption that log prices of the underlying assets are nonstationary, and it follows a discrete-time cointegrated vector autoregressive model [14] : the optimization criterion consists in maximizing the portfolio return at maturity subjected to a risk-budget constraint. A popular dynamic approach is the constant proportion portfolio insurance (CPPI) method to portfolio selection. This methodology, introduced in [15] and [16] , has been further investigated in [17] to deal with option-based insurance mechanisms. The literature on dynamic asset allocation is quite rich. For recent advances in this field, the reader can refer to the survey of Infanger in [18] . In this paper, we tackle the optimal dynamic asset allocation (ODAA) problem by a research line based on dynamic programming. In particular, we use recent results on stochastic reachability , see e.g., [19] - [21] . Given a finite-time horizon and a sequence of target sets representing investor preferences, the optimal portfolio is synthesized with the criterion of maximizing the probability of its value to lie within the specified sets at each time period. The optimal solution exhibits a contrarian attitude [22] , thus increasing risky exposures in the case of negative performances and reducing risk in the case of positive performances. Contrarian strategies belong to the class of concave 1 investment strategies. We contrast our approach to the CPPI approach in the formulation of [16] . The CPPI method is an example of convex investment strategy. Concave strategies outperform convex strategies in the presence of oscillating markets. On the opposite, concave strategies underperform convex strategies in the presence of persistent market trends. This comparison allows us to highlight the contrarian attitude of the ODAA solution, and hence to emphasize the difference between CPPI-like convex strategies and ODAA-like concave strategies. A preliminary formulation of the ODAA problem in terms of stochastic reachability appeared first in [23] . This paper provides a more detailed and mature description of the results announced in [23] , including a case study from the U.S. market and a comparison with the CPPI method.
II. INTRODUCTION TO PORTFOLIO CONSTRUCTION
Assets within the same class, like bonds, stocks, or commodities, generally exhibit similar risk characteristics, behave similarly in the market-place, and are subject to the same laws and regulations. Asset classes are typically modeled by means of stochastic processes governing their instantaneous returns. Consider an investment universe made of asset classes and let periods be indexed by the integer . The random vector describes the performance or equivalently the returns of asset classes at period . The performance is defined as the rate 1 The exposure diagram reports on the x axis the portfolio value, and on the y axis the risky exposure. Concave (resp. convex) strategies are characterized by a concave (resp. convex) exposure diagram.
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where and are the prices of the th asset class at times and , respectively. We assume that is a correlated random vector. The expected return (ER) and standard deviation (SD) for the th asset class at period are defined, respectively, by where is the usual expectation operator. We denote by and the collection of asset classes' ER and SD, respectively, at period , i.e., Asset-class SD, known in finance industry as volatility, is commonly regarded as a risk measure. Covariance matrix (CM) at period is defined by for any . Statistical indicators ER, SD, and CM provide a description of the probability distribution of up to second order. A more detailed description can be obtained by also considering skewness (SK) and kurtosis (KU) that are defined, respectively, by SK provides a measure of asymmetry in the distribution, and KU quantifies the occurrence of rare events.
An asset allocation is a vector , the th entry of which expresses the amount of the investment in the th asset class. For example, for , 30% of the investment is allocated in the first asset class, 50% in the second, and 20% in the latter. Let be the asset allocation at period . In the investment process, suitable constraints are usually imposed on , as, for example, budget, long-only, and risk-budget constraints. 2 We denote by the set of allocations allowed by the constraints in the investment process at period . Portfolio performance or equivalently portfolio return is defined by the scalar (2) where and denote the portfolio values at periods and , respectively. It is well known [24] that portfolio performance at period is given by (3) 2 Budget constraint requires that the investor's wealth is fully invested in the portfolio, i.e., u (i) = 1. Long-only constraint u (i) 0 implies that short sales are not allowed. Risk-budget constraint (u 6 u ) indicates that portfolio risk is upward bounded by (see e.g., [24] ).
Portfolio construction deals with criteria to optimally select for the investor. Many approaches to portfolio construction have been proposed in the literature. In the pioneering study of Markowitz [1] or variations of it, optimality is expressed in terms of a tradeoff between mean portfolio return and its variance. Despite its age, the criterion is still rather commonly used in the finance industry. However, both practitioners and academics realized during the years the limits of such an approach.
1) Markowitz method, being based solely on mean-variance, is justified only in case of Gaussian distributed asset classes (unless one is willing to assume quadratic utility functions, which is quite restrictive). However, there is a strong evidence of remarkable deviations from Gaussianity in real world markets. 2) Markowitz method is static by its nature, i.e., portfolio rebalancing is not faced in the model. However, there is a growing evidence that intertemporal asset allocation models, based on dynamic programming approaches, lead to superior results, if compared to static approaches. Although the limits of Gaussian modeling of asset classes in portfolio construction are well known in the literature, we present hereafter a simple academic example that highlights such limitations. Consider an asset classes' ensemble composed of three uncorrelated synthetic asset classes. Asset-classes returns are modeled by (4) where is a distributed random variable and is a Gaussian random variable with . In this example, we set . Fig. 1 illustrates marginal probability density functions of the random variables involved. Asset classes share the same ER and SD, but different figures in terms of SK and KU (see Table I ). Any investment process based only on ER and SD is not able to make a choice among the three asset classes. For example, Markowitz method's optimal solution is given by . On the other hand, information contained in SK and KU suggest alternative portfolio solutions, e.g., 1) a prudent investor would invest in Asset 1 that is characterized by low probability to suffer negative returns, but low probability to achieve large positive performance. 2) Asset 2 is much riskier than Asset 1 but it ensures in turn, higher probability to get large positive returns.
III. A STOCHASTIC REACHABILITY APPROACH TO PORTFOLIO CONSTRUCTION
A stochastic dynamical control system modeling portfolio value dynamics can be obtained by combining the equations in (2) and (3), resulting in the following: (5) where : 1) is the state, representing the portfolio value at period ; 2)
is the control input, representing the portfolio allocation at period ; (2) , AND w (3) 3)
is a random vector describing the asset-class returns at period . Let be the probability space associated with the stochastic system in (5). The initial portfolio value is assumed to be known and set to . The class of control inputs considered is that of Markov policies [5] . Given a finite horizon representing the lifetime of the considered investment, a Markov policy is defined as a sequence of measurable maps . Denote by the set of measurable maps and by the collection of Markov policies, and let be the sequence starting from period onward. We want to select a Markov policy in order to confine portfolio value at period within target sets with . This reflects the desire of the investor to reach portfolio value in at period . Typical target sets are of the form . An example of target sets pattern is illustrated in (9) and models an investor specification that requires to beat a target return of 7% (per annum value) at maturity in the end of the investment lifetime. The portfolio construction problem is then formalized as follows.
Problem 1: Optimal Dynamic Asset Allocation: Given a finite time horizon and a sequence of target sets (6) where are Borel subsets of , find the optimal Markov policy that maximizes the objective function (7) The ODAA problem can be solved by using a dynamic programming approach [5] and in particular, by resorting to recent results on stochastic reachability (see e.g., [19] - [21] , [25] , and [26] ). In the following, we only report the basic facts leading to the optimal solution. The interested reader can refer to [19] and [20] for mathematical details. Given , and random variable , denote by the probability density function of random variable , associated with system (5). We now introduce the following cost function that associates a real number to a triplet by the equation shown at the bottom of the page, where is the indicator function of the Borel set , i.e.,
, if and, , otherwise. From the results in the study of [19] , it is possible to show that Hence, the ODAA problem can be reformulated as follows.
Problem 2: Optimal Dynamic Asset Allocation: Given a finite-time horizon and the sequence of target sets in (6), compute . The aforementioned formulation of the ODAA problem is an intermediate step toward the synthesis of the optimal Markov policy, which can now be presented in the following result.
Theorem 1: The optimal value of the ODAA problem is , where for any is given by the last step of the following algorithm:
The aforementioned result yields an algorithm, which outputs the optimal Markov policy solving the ODAA problem. We conclude this section by briefly discussing computational issues arising in the algorithmic implementation of (8) . As pointed out in [25] , algorithms for stochastic reachability of nonlinear systems are in general, rather demanding from the computational complexity point of view. However, the computational complexity required in the algorithmic implementation of (8) remains still tractable because: 1) portfolio value is scalar; 2) the number of components of , typically amounts to three in a realistic asset allocation. The small number of state and inputs components strongly reduces computational complexity. Complexity is also influenced by the probability distribution assumed for . A possible choice is a mixture of multivariate Gaussian models (MMGMs) [27] resulting in the following advantages.
1) By analytical properties of MMGM distributions, affine transformations of MMGM random variables are distributed according to an MMGM that can be computed analytically. Hence, the distribution of random variable appearing in (8) can be analytically derived. 2) MMGMs provide good approximations of financial markets including non-Gaussian figures. Benefits from the use of MMGMs will be illustrated in the next section numerically.
IV. CASE STUDY:
A TOTAL RETURN PORTFOLIO IN THE U.S. MARKET In this section, we consider a total return product from the U.S. market. The investment's universe consists of three asset classes: money market, U.S. bond, and U.S. equity markets. Details on the indexes used in the analysis are reported in Table II . Time series are in local currency (US dollars) and weekly based from January 1, 1988 to December 28, 2007. Asset-class statistical indicators 3 are reported in Table III . By comparing asset-class ERs, it is readily seen that U.S. equity (asset class E) ensures higher performance than U.S. bond (asset class B), which in turn, ensures higher performance than money market (asset class C). On the other hand, asset-class SDs show that U.S. equity is riskier than U.S. bond, which is riskier than money market. Moreover, SK and KU show that asset classes present significant deviations to Gaussianity (Jarque-Bera test; 99% confidence level). Bond and equity markets are leptokurtic 4 and negatively skewed. The invest-ment problem we focus on is characterized by the following preferences:
1) two years investment life-time; 2) weekly portfolio rebalancing; 3) portfolio constraints: risk budget is 7% (ex-ante) monthly value-at-risk (VaR) 5 at 99% confidence level; budget and long-only constraints (see footnote ); 4) goal: maximize the probability to beat a 7% (per annum value) investment target. The finite time horizon associated with this asset allocation is given by and the target sets sequence is given by (9) The optimization criterion consists therefore in maximizing the probability
In this case study, we model asset classes' returns by means of MMGMs [27] . A random vector is said to be distributed according to an MMGM if its probability density function can be expressed as the convex combination of a finite number of multivariate Gaussian probability density functions , i.e., Some further constraints are usually imposed on coefficients so that the resulting random variable is well behaved, e.g., by requiring semidefiniteness of the CM and unimodality in the distribution. The interested reader can refer to [27] for a comprehensive exposition of main properties of MMGMs. The prob- 5 Value-at-risk (VaR) quantifies the potential loss of a portfolio to a given time horizon and to a certain confidence level. Parametric evaluation of the VaR permits to relate it to the portfolio volatility [24] . The aforementioned (Gaussian-based) formulation is commonly used by Risk Departments to evaluate portfolio risk and by Regulatory Institutions to classify retail clients risk profiles. ability density function of the MMGM chosen in this case study is composed by two probability density functions and , characterized by the following univariate statistics: (10) and common correlation matrix
Symbols and indicate, respectively, the ER and SD of probability density function . Values are weekly based. The MMGM s coefficients are set to (12) The MMGM we obtain correctly represents the univariate statistics of the asset classes up to fourth order and the correlation patterns up to second order. The aforementioned MMGM has been obtained by minimizing the error between the univariate four moments and the correlation matrix in Table III , and the ones of the selected MMGM; the obtained error resulted in 2.24E-7. Additional constraints on semidefiniteness in the CM and unimodality of the univariate marginal distributions have been considered. By applying the approach illustrated in Section III, the optimal portfolio selection has been synthesized. In the algorithmic implementation of (8), we numerically approximated the target sets in (9) by , if and . Outside these target sets, the probability measure is negligible. The set has been further quantized with uniform resolution from which the basic optimization step in (8) required for any reduces to a finite number of optimizations. Each basic optimization step has been implemented by standard MATLAB [28] nonlinear optimization tool. The running time needed in the synthesis of the optimal policy is 39 613 s by using a laptop with CPU Intel Core Duo T9400 at 2.53 GHz. The optimal Markov policy at period is given by 29.50% money market, 0% bond market, and 70.50% equity market, as shown in the first panel of Fig. 2 . After the first week, fund manager revises the portfolio. Optimal Markov policies corresponding to the end of each semester and one week before the investment maturity are reported in Fig. 2 . In the second panel, abscissas report the portfolio value at period . For each portfolio realization , the map gives the corresponding portfolio allocation. For example, a portfolio value of indicates to allocate about 12% of the investors' wealth in money market (asset class C), about 28% in U.S. bond (asset class B), and 60% in U.S. equity (asset class E). As portfolio value decreases, portfolio allocation becomes riskier. Indeed, for , optimal portfolio is not allocated in cash. This means that until this threshold is reached, the model needs to allocate the maximal allowed risk budget expressed by the VaR 99% constraint. On the opposite, as portfolio performance gets better, the model suggests to reduce the risk exposure: for a portfolio value greater than 1.0919, a 100% cash allocation guarantees to reach the performance target goal. The attitude of the optimal strategy to increase risk exposure in the presence of portfolio drawdowns, and conversely to reduce it, in the case of positive performance, is known in the literature as contrarian strategy [22] . Optimal Markov policies at periods exhibit similar characteristics to the ones for . The maximal probability of achieving the investment goal is %. In order to validate this result, we run a Monte Carlo simulation with scenarios. Fig. 3 shows the probability distribution of portfolio return at maturity. Vertical blue line indicates the target goal chosen in the case study. This simulation yields a probability of 77.76%. The different probability values achieved by the optimization process and the Monte Carlo simulations are due to finite sampling in the simulations. We conclude this section by providing a comparison between the proposed approach and the CPPI method, in the formulation of [16] . The CPPI setup problem is characterized by the following specifications: 1) two years investment life-time; 2) weekly portfolio rebalancing; 3) portfolio constraints: risk budget is 7% (ex-ante) monthly VaR at 99% confidence level; long-only and budget constraints; 4) risky basket composed by the equity market (i.e., asset class E); 5) risk-free asset composed by cash (i.e., asset class C); 6) multiplier (see [16] ) of the risky basket (i.e., asset class E) set to 6; 7) floor (see [16] ) evolution is deterministic and increases according to the cash rate (we do not consider here a stochastic model for the short-rate dynamics); 8) goal: maximize risky exposure (i.e., allocate as much asset class E, as possible), while protecting the capital at the end of the investment horizon. We run a Monte Carlo simulation with scenarios in order to validate the results obtained from the synthesis of the CPPI strategy. Market scenarios have been simulated according to the MMGM specified by (10), (11) , and (12) . Table IV reports a comparison between the ODAA and the CPPI strategies, in terms of performance and risk figures, obtained by Monte Carlo simulations.
1) The ODAA strategy delivers a probability to reach the target goal of 77.76%, while the CPPI strategy gains a probability of 33.64%. This is not surprising because the CPPI method mainly aims to protect the capital. 2) The CPPI strategy gains a probability to protect the capital of 100.00%, as required by the CPPI specifications, while the ODAA strategy gains a probability of 91.40%. 3) Expectation return performance amounts to 6.18% in the CPPI approach and to 5.68% in our approach (figures are annualized). However, since probability distributions of asset-classes performances are highly asymmetric (see Fig. 4) , ER is not an appropriate statistical indicator. A more appropriate statistical indicator is median, whose analysis is reported hereafter: 4) Median return performance amounts to 3.64% in the CPPI approach and to 7.03% in our approach. 5) Sharpe index 6 quantifies the portfolio excess return over cash per risk units. It is a measure of portfolio efficiency and is related to the probability to deliver a return greater than cash. The ODAA sharpe index is 1.51, while the CPPI one is 0.44. Fig. 4 shows a comparison between our strategy and the CPPI strategy. In particular, the upper panel shows return localization of the CPPI (red line) and of the ODAA strategies (blue line). The lower panel reports the complement to 1 of the cumulative distribution function: the y axis reports the probability to beat at maturity, the target return reported in the x-axis. The results obtained are consistent with the two investment strategies. The ODAA strategy allocates most of the probability mass beyond the target return 0.1449 (see upper panel), leaving a nonnegligible probability to deliver negative performance (see lower panel); this risk is paid off by a large probability to obtain high portfolio performance. On the way around, CPPI strategy is efficient in protecting the capital (zero probability to deliver negative results, see lower panel), while delivering a lower performance than the one of ODAA in the target return range between 0.01 and 0.15. It is worth pointing out that the performance of the ODAA strategy rapidly decreases once the target returns have been achieved (see upper panel).
The case study presented in this section should be considered as instrumental to illustrate the methodology. The views expressed in this paper are those of the authors and do not necessarily correspond to those of Amundi [29] .
V. CONCLUSION
In this paper, we proposed an approach to ODAA, which is based on recent results on stochastic reachability. A financial interpretation of the optimal control policy synthesized in this paper is known in finance as contrarian strategy. The contrarian attitude of the rebalancing policy can result in over aggression under large market drawdowns, especially if applied to certain specific financial products. The authors are currently investigating stochastic hybrid systems modeling [21] as an approach potentially suitable to extend the methodology to a wider range of financial products.
